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Abstract

A hierarchy of functions including the elliptic gamma function is introduced.
It can be interpreted as an elliptic analogue of the multiple gamma function
and its trigonometric limit coincides with a g-analogue of the multiple gamma
function. Some properties of the functions are considered.

PACS numbers: 02.10.De, 02.30.-f, 05.50.+q

1. Introduction

In various studies on mathematical physics, the elliptic functions play very important roles.
Especially, since the discovery of the elliptic solution of the Yang—Baxter equation [3], many
investigations of solvable lattice models and of commuting difference operators with elliptic
coefficients have been explored.

Recently, these facts have been studied from the point of view of an ‘elliptic analogue of
special function theory’. Frenkel and Turaev [5] reformulate a relation of the elliptic 6 j-symbol
as a well poised hypergeometric series of elliptic coefficients. Their idea was developed by
Warnaar [27] and Rosengren [17]. They derived certain identities of elliptic hypergeometric
series. Spiridonov and Zhedanov [21, 22] considered an orthogonal function with elliptic
coefficients.

Among these results, one of the most important would be construction of the elliptic
gamma function by Ruijsenaars [18]. He showed the existence and uniqueness of the elliptic
gamma function G (z|(7p, t;)) which satisfies the functional relation

G1(z + 11l(T0, T1)) = 6p(2; T0) G1(2| (70, T1))

where 0y(z:7) = [l (1 — ez”ﬁ(z"k”)(l — ehﬁ(_“("“)”). After his work,
Zabrodin [28] considered Baxter’s Q-operator by using this function. Felder and Varchenko [4]
used it for their studies on the elliptic Kniznik—Zamolodchikov (KZ) equation and gave a
cohomological interpretation of this function. Spiridonov [20] constructed an elliptic analogue
of the beta integral. We should mention the elliptic Macdonald—Morris conjecture presented
by van Diejen and Spiridonov [25].
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In this paper, we construct a hierarchy of functions including the elliptic gamma function.
They satisfy relations

G, (z+7l|(t0,.... 7)) = Gr—1 (2| (r0, ..., Tr—1)) G, (2] (70, . .., T/))
Go (z] (70)) := bo(z; T)

which can be considered as an elliptic analogue of the multiple gamma function. We call this
function the multiple elliptic gamma function. The multiple gamma function was introduced by
Barnes [2]. Vignéras [26] interpreted its special case as the function satisfying the generalized
Bohr—Mollerup theorem. The multiple elliptic gamma function can also be characterized by
using the defining relation and an initial value.

This paper is organized as follows: in section 2, we define a certain g-function and study
its properties. It is applied to construct the multiple elliptic gamma function. In section 3, we
construct the multiple elliptic gamma function and consider its uniqueness, some elementary
properties and a kind of trigonometric limit.

Finally, we note that generalizations of the gamma function have been applied to
construction of solutions for difference systems relevant to quantum integrable systems. For
example, Jimbo and Miwa [10], Miwa and Takeyama [12] and Miwa et al [13] constructed
integral solutions for the ¢g-KZ equation by using a multiple sine function, which can be
considered as a kind of trigonometric analogue of the multiple gamma function. The author
and Ueno [15, 16] constructed an integral solution for hypergeometric g-difference systems.
Ruijsenaars [19] used his generalized function in order to study an eigenfunction of commuting
difference systems. The multiple elliptic gamma function is also expected to be applicable to
the theory of elliptic special functions.

2. Multiple g-shifted factorial

2.1. Definition and properties

First, we fix some notations. For 1 < j < r, t; are complex parameters satisfying It; > 0.
We put g; := ez”ﬁ”, X = eZ”FZ, 7 := (1, 7,...,7)and q := (g0, q1,---.,qr). For
the set 7, we define (), 77 (j) and || as

() = (10, T, T, T))
17(1) = (T()a Tlyenns Tj—]a Tj+la R} Tr)
1= (T0, Ty Timts —Tj, Tjuls Tr)

‘ T | = Z T;.
j=0
Similarly, we introduce the following notation:
q () =1(q0.91,---,qj-1.9j+1 - - - qr)
qlil = (o, 1, -+ qj=1,q5 ity -2 0.
We define the multiple q-shifted factorial as the following infinite product (see Appel [1]):
Definition 2.1.

o0
(x:q)0) = [T -xqiql g

i1,i2,...,i,=0
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This function is a meromorphic function of z and has its zeros at
Z=moTo+m Ty +---+m, T, +n (mj € Zgo,n € Z)
whent; # i for j #kand 0 < j, k <r. (x, z)( ") satisfies a functional relation
(r)
(x:19).
r=1"
(x:q= (D)o,

We can extend (x; c_])(o'o) in the sense of Felder and Varchenko [4]. If J7;, < O only for

(‘11 q)(r) :

Jjo € {0, ..., r}, then we can determine a unique function satisfying the above relation as
NG !
(xriq) = ———. (1)

(" x: gLjol)

However, the statement about the positions of zeros and poles is not valid. In the following
argument, we suppose JIt; > 0 for all j > 0 when the condition on 7 is not mentioned
especially.

Next, we represent (x; g)go) as a product of other multiple g-shifted factorials. For
example, we consider the case when r = 1. We can separate the product as follows:

(x1q)) = [T —xada) [T - xaiai)

in<i) i1<io

_ Jo Jo+i jo+]1+1 Jl
= [T —xaa™) [T — xqd™ " q{")
JosJi JosJ1

= (x; (@oq1, a1) L (40%; (@01, 40)).. -
Similarly, in the case r = 2, we have
(x; 6_1)52 = (x; (909192, 9192, 612))23)()6611; (909192, 9192, 611))((:)
x (¥q042; (@od192> 40d2, 42)) . (xq0: (@oq142+ G042, 40))
x (xqoq1; (Goq192, qoq1, 41)) ) (xadars @oq142. God1, 40))
We can generalize the above argument.

Proposition 2.2.

(r)
(x,q (r) H( l_[qcf(J)’ )

where o runs over all permutations of {0, 1, ...,r},
.
=(p§.p{.....pY) where  p§ = an(k)

and ds, j counts the number of adjacent inversions (cf [23])

_Jo if j=0
7 #ik €0, ..., jY otk — D)o k) if j>0.
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We remark a relation between (x; g)go) and a certain g-series. We define generalized
g-polylogarithms as

o]

x/
Lirs1 (5 (qos -+ 4r-1)) :—Z— for |x| < 1.
= illiz—g)

This function can be defined by using Jackson integrals, as

f £ d, r-a(l—q)Zf(aq )"

n=0
(cf [7]). Li,(x; ¢) has the following iterated integral representation:

, : 1 toL o dgt
Lij(x) = —log(1 — x) Lir(x; q0) = —— | Lij(x)—
I —q0 Jo t

. 1 T dg_,
Lijs1(x; (g0, - -+, gro1)) = —/ Li, (t; (qo. - - -, gr—2)) —=1 for r>2
1 - qr-1 Jo t
Then we have the following proposition:
Proposition 2.3.
(x: )% = exp (— Lira(x; q))
when |x| < 1.
Proof. We take such a branch of logarithm that
o0 xk
log(l —x) = — for |x| < 1.
Through straightforward calculation, we have
O_ 5 o0 0
log(xiq) = > log(l —xqi'q) - q})
10511y eersir =0
J=1 igyityemiy= J
j=1 Jl_[ 0(1 —‘I,)
O
In the case 1) = 7y = --- = T, = T, we can see that
(r) ) © k k+r—1
(x:q) . = (x;(q,q,...,q)) =[] -xq )0,
e e
r+

Proposition 2.3 is rewritten as follows:

(x; @)% = exp (=Liya(x; ¢))
where Li, (x; ¢) is Kirillov’s g-polylogarithm [11]

(o]

. x/
Li,(x; q) :== Z A= gyt

j=1
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2.2. Differential relation
(r)

We define y, (z| 1) as the logarithmic derivative of (x; 1)00

9 - . 27/—1 o, }1;,-
xe(2l7) = gtog (vg) = = 3 ST

1__xq0 ...qr

Then, we can see that

00 : io i
" _ Z 2ny/=lijxqy ---qy

0
— log (x; 6_1)OO . -
i0se iy =0 1 —xq g

8Tj
0 27T \/ _l.xq60 ... q;/+l’+l .« .. q;r

io ij+irg i
iy =0 L= Xqg g gy

i 27T«/—1xq(i)° . q£;~
10serrin=0 1— xq(i)o .. .q£'
= Xr+l (Z|£+(j)) — Xr (z|£) .

Thus, we have a differential relation between the logarithmic derivatives:

9 9 R
a—zjr(zlz) = gk (zIT5(j)) — 3 (z7) 2)
0 e
=0 (z+1|T°())). (3)

3. Multiple elliptic gamma function

3.1. Definition

In this section, we introduce the multiple gamma function G, (z|7).
Definition 3.1.

_ —1y

G, (x17) = 'qoq1 - 4r; DL {0 90}

We note that G (x| (7o, 71)) is the elliptic gamma function [4,18]. In the case where V3t; > 0,
this function is meromorphic and we can easily see the locations of zeros and poles of this
function. For example, when 7; # 7, for j # k, j,k € {0,...,r}, G, (xI L) has the following
zeros and poles: if r is odd, then G, (z|z) has simple zeros at

zZ=moTlo+mT +---+m,7T +n (mj e Z.g,neZ)
and simple poles at

Z=moTo+m Ty +---+m, T +n (mj e Zgo,n € Z).
If r is even, then G, (z|z) has simple zeros at

zZ=moTlo+mT +---+m,7T +n (mjeZ,ne 2)

and no poles.
We can see that G, (ZI Z) =G, (zl z) where 7 is a permutation of the order of . From
the definition of the multiple elliptic gamma function, we can see a functional relation of

G (zlz)
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Proposition 3.2. (i) G, (z| z) satisfies a relation
G, (z+17) = G, (2l 1)
G, (z+7]7) =G (2lz(D) Gy (2lz)  for j=0,...r
Go (2| (t0)) = 6o(z; q0)
where
60(z: o) = (x5 (q0))& (@x "5 (qo)S -
(i) At the point z = |£’ /2, G, (z| 1) takes the following value:

2| [aiar - %.)m}z r: even
G\ 5 1z)= Q09 9 9o ~

1 r:odd.
From relation (1), we can expand this function in a similar way to Felder and Varchenko [4].
If I, < 0 for only one j, € {0, ..., 7}, then

1
G, (z— Tjo‘l[jo])
is a unique meromorphic function satisfying the first and the second relations of (i). However,
the positions of zeros and poles are valid.

G, (Z|Z) = “4)

3.2. Uniqueness
We can prove a kind of uniqueness of the function satisfying the relation in proposition 3.2.

Proposition 3.3. If G,_; (z| (w0, ..., T—1)) (S1; > 0) is given, we can determine the unique
meromorphic function u(z) which satisfies:

(1) u(z) is holomorphic upper half plane;
() u@+D=u@  w@+t) =G (z1)u@);

I3 ENGIE )
Gii) u(|z|/2) = {(ngf--.q;,g)oo} r: even
1 r:odd.

Proof. This proposition can be proved by using the same argument as Felder and Varchenko [4].
For some j and some § € R, there exists a strip 0 < Iz < I1; +6 in which u(z) = G, (zl L)
has no zero. If v(z) is another meromorphic function satisfying the above (i) ~ (iii), then
v(z)/u(z) is doubly periodic and holomorphic on the strip. Thus, itis a bounded entire function.
From Liouville’s theorem, v(z)/u(z) is a constant. From the condition (iii), it follows that
v(z) = u(z). O

Imposing the another condition on the set of the parameters, we can determine G, (zl L)

without the above condition (i).

Proposition 3.4. For T = (1, t1, ..., T.), if there exist such j and k that 1, t; and 7y are
linearly independent over Q, then we can determine a unique meromorphic function u(z)
satisfying
u(z+1) =u(z)
u(z+1;) =G, (Zlz(j)u(z) u(z+ 1) = Gy (zlz(k))u(z)
11 1 )2
() [tial -t 02F

1 r:odd.
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Proof. We suppose that there exist two functions u(z) and v(z) satisfying the above relation.
Then, from the relation

u(z+1)  u@+t)  u(z+w)
viz+1) v(z+71;) ozt )

it follows that u(z) /v(z) is a triple periodic meromorphic function, that is, constant. Therefore,
u(z) is equal to v(z) because they take the same value at z = | T | /2. O

From these propositions, it follows that for given t satisfying the above condition we
determine G, (z| 7) if G,_1(z| (0. . .., T,—1)) is given.
3.3. Elementary properties

From the definition of the multiple elliptic gamma function, we derive some formulae by using
straightforward calculation.

Proposition 3.5.

M G (D) (G, (2] —2[z)) " =1

N—1
" 70 Tr noto+---+n,7,
(i G’<Z’<N’”"N>)_ I1 G’(“ N

N0, MYyl =

).

Claim (i) is an analogue of the complementary formula of Euler’s gamma function and claim (i1)
is an analogue of the Gauss—Legendre multiplication formula for the gamma function.

Next, we represent G, (ZI L) by using trigonometric series. These are a generalization of
the so-called ‘summation formula’ of Ruijsenaars [18] and Felder and Varchenko [4].

Proposition 3.6 (Summation formula). If 7 is contained in the region
5Qz—|zhl <) |Sr,-|}
then G, (zl g) is represented by the following formula:

1 > sin(mwl(2z — |£|)) .
€xXp ((2\/__1)r Z ll_[;:l SiIl]TlTj ) reodd

Gr (Z| ‘l,') — =1
- ( 1 >, cos(ml(2z — |L|))>
exp r:even.

ze{zeC

27 (v/=1)r+! ; [T}=, sinmlz;
We note that this formula is valid for G, (z| g) with some dm 7; < 0 defined by using the

relation (4).
From proposition 2.2, the next proposition follows.

r—1
G (zlz) = HGr <Z+Zda,jfo(j> &")
o j=0

where o is a permutation of {0, ..., r}, ds j was introduced in proposition 2.2 and

Proposition 3.7.

K= (g 1T ey 1)) where p$ = me
k=j
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3.4. Differential relation

We define v, (z|t) as the logarithmic derivative of G, (zl 1).

d
Vr(@ln) = -log G, (z1z) = (=) %GO + x- (2] — z]D).

Similarly to (2) and (3) we can derive a relation

9 _ __9 ol et - 2 _
E)tjxr(lzl 1) = 8Z)<r+|(lz(1)| HEA®)) azxr(lzl z| z)

ol . ;
= =g X CAOIEEEDIENIE
Thus, we can see the following proposition:

Proposition 3.8. There is a differential relation between v, (z|7)

0 ad

ad g
(B_Z + E) v (zlt) = —al/frH(Z'l ()

or, equivalently,
9 __9 1 (i
al_j‘/fr (Z|£)_ 8Z¢/r+1 (Z+t]}£ (]))

Furthermore the multiple elliptic gamma function satisfies a differential relation

9 3
<a_er’ (le)) G (2l T5()) + o (Gt (z+ 1| T ()} = 0.

3.5. Trigonometric limit

The multiple g-gamma function G, (z; ¢) was introduced as

1 —g*
Go(z;a) == [z] :=
l—gq
N 00 1— qz+k (,:—kl)
G (z+1;9):=(1—q) W ]_[ ( ) (1 — ghs@o for r>1
k=1 1—q*
where

Z—Uu —U
gr(z,u) = (n—l) — (n_ 1)'

{G,(z; ¢)}r>0 is a hierarchy of meromorphic functions satisfying a g-analogue of the
generalized Bohr—Mollerup theorem
») Gz+1;9) =Gr1(z;9)Gr (25 9) (i) G(lig)=1

r+l

(iii) Flog Gr(z+1l;9) 20 for z>0 (iv) Golz;q) = [z]

when 0 < g < 1. We can relate our multiple elliptic gamma function to the multiple g-gamma
function through a kind of trigonometric limit.
Proposition 3.9. In the case when 1), =1, =--- =1, =1, as 1o/~/—1 — 00,
- o\
G (zzlD [ ] ((q; (90.9.94, - -, ‘1))00> — G,(z;9)
- D e ———

k

k=0

for z in any compact set in the domain C\(Z + Zt) where q := eIt
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3.6. Cauchy determinant represented by the double elliptic gamma function
Vardi [24] remarked that a special case of the Cauchy determinant can be represented by using
the double gamma function.
Gy(n+2+a)?
! [—} = Gyn 1?22 5)
a+i+]|igij<n G2+a)G2n+2+ @)
where G,(z) is Barnes’ G-function [2].

We can generalize this formula to the elliptic case. An elliptic analogue of the Cauchy
determinant [6] is known as

O(u+a; +b;) 0w+ (a, +b) [i<i j<n 0(a; —a)0(b; — by)
[e(ai+bj)9(u)]l<i7j<n B 0(u) [0 +b))
where 0(z) = 0(z; 1p) is Jacobi’s first theta function defined as
6(2) = 6(z; 1) := V= 1™ 1049 (go: (g9)) V60 (z; 70).

In the case where

.....

a; =it + B b =jn
we can represent this determinant by the following formula:
Oo(u + B +it; +]T2; Tp)
|:90(ifl +j12;5 70) (B (u; To))]1gi,j,<n

- (n(n2 D/ =1(1 + 1) . n(n — 1),8) o (u +nf + Meoin), ro)
3 2 B0 (u; T0)
y Gy ((n+ D1y (vo, 71, 11)) G2 ((n + D1o| (70, T2, 2))

G1 (1] (0, 11))" G1 (72| (0, ©2))" G2 (71| (70, 71, T1)) G2 (T2 (70, T2, T2))

G (B+(n+ D11+ (10, 11, ) G2 (B+ 11 + (n+ D1y (0, 1.7, 2))

Gr(B+(n+ D1+ +Da| (10, 71, ) G2 (B+ 11 + 1| (T0.71, 1))

(6)

We take a trigonometric limit of (6) similarly to the argumentin section 3.4. Weputt; =1, =t

and 8 = ta. As 19/+/—1 — oo and u/+/—1 — oo, we have the following determinant
formula:

wtoy Go(1+n;¢)?Gala +n+2;q)°
det| ———— =q 7 @)
1 — go+ity 1<i,j<n Gr(a+2;9)Gr(a+2(n+1);q)
where G,(z; g) is the multiple g-gamma function [14]. This is a g-analogue of formula (5).

We can obtain the formula (5) as the classical limit of the formula (7).
Hasegawa [8,9] derived a generalization of the elliptic Cauchy determinant:

r=1

det |:1_[6(a,~ +bhj+hY, i+ W — (G- 1)h)5r.i):|
1<i,j<

n n—1
=0 (u +> (a; +bj)> [Tow—iny ] 6@ —arow; —b)
r=1 i=1

I<i<j<n
where §; ; is Kronecker’s delta and Y;.; is defined as follows:

1 if i<y
Yij:= .
0 otherwise.
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In the case when

a; =i‘L’1 bj =j‘L'2

we can represent a special case of Hasegawa’s formula by using the double elliptic gamma
function:

det | [ Jo(im +jr2 + hY, i + (u — (i — DR)S,.i: 70)

r=1 1<i,j<n
n(n* — Dr/—1 Gy (ul (19, h))
= — (11 + )
3 Gy (u— (n— Dh| (w0, h))

» Gy ((n+ D1y (10, 71, 7)) G2 ((n + 1) 12| (70, T2, T2))
G (1] (t0, T1))" G (12 (10, T2))" '

The trigonometric limit and rational limit of this formula is represented by the following
formula:
det ﬁ (1 — gimHm Y u==Dis. ) _ q@ Gi(u: q)Ga(n+1; q)?
el I<ii<n Gi(u—(n—1h;q)
o . Giw)Ga(n+1)°
det i +jn+hY,.;+w—>G§— 1Dh)s,; = .
[Tm+ie =G=DW3) | = G @D
r= 1<i,j<n
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